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AN UPPER DIAMETER BOUND FOR COMPACT RICCI SOLITONS 
WITH APPLICATIONS TO THE HITCHIN-THORPE INEQUALITY 

HOMARE TADANO 


Abstract. In this article, stimulated by Fernandez-Lopez and Garcia-Ri'o, we shall 
give an upper diameter bound for compact Ricci solitons in terms of the range of the 
scalar curvature. As an application, we shall provide some sufficient conditions for four¬ 
dimensional compact Ricci solitons to satisfy the Hitchin-Thorpe inequality. 


1. Introduction 

A Ricci soliton [9] is a complete Riemannian manifold (M, g) admitting a smooth vector 
field X G X{M) such that 

^^Cg+^Cxg = Xg ( 1 . 1 ) 

for some real constant A G M, where Ric^ denotes the Ricci tensor of (M, g) and Cx is 
the Lie derivative in the direction of X. The soliton {M,g) is said to be shrinking, steady 
and expanding if A > 0,A = 0 and A < 0, respectively. Typical examples of the Ricci 
soliton are Einstein manifolds, where X is given by a Killing vector held. In this case, we 
say that the soliton is trivial. Ricci solitons play an important role in the Ricci how as 
they correspond to self-similar solutions and often arise as singularity models [3]. When 
X may be replaced by the gradient V/ for some smooth function / : M —)■ M, called a 
potential function, {M, g) is called a gradient Ricci soliton. In such a case, fll.ip becomes 

RiCg+Hf = Xg, (1.2) 

where Hf denotes the Hessian of the function /. Due to Perelman [15], any compact 
Ricci soliton is a gradient one. It is well-known |3] that compact steady and expanding 
Ricci solitons must be trivial, as well as compact shrinking Ricci solitons in dimension two 
and three [3]. Examples of non-trivial compact Kahler-Ricci solitons were constructed by 
Koiso [in], Cao [2] and Wang and Zhu [TB] . 

A lower diameter bound for compact shrinking Ricci solitons has been recently investi¬ 
gated by many authors [HU El Hi. In particular, a universal lower bound for compact 
shrinking Ricci solitons was hrst given by Futaki and Sano [8] in relation to study of the 
hrst non-zero eigenvalue of the Witten-Laplacian. On the other hand, Fernandez-Lopez 
and Garcia-Rio [5] gave the following lower diameter bound in terms of the Ricci curvature 
and the range of the potential function. 
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Theorem 1.3 (Fernandez-Lopez and Garcia-Rio |5]). Let {M,g) be an n-dimensional 
compact connected shrinking Ricci soliton satisfying fll.21) . Then 


/ /2(/max - /min) / 2 (/max “ /min) ^ /2(/max “ /min) ) 

diam(M. 9 )>max|^ C-A 'V- C-c j’ 

where /max cmd /min respectively denote the maximum and the minimum value of the 
potential function on the soliton. 

In Theorem II .31 the number 

C := max{RiCo(n, n) : Ini = 1| and c := min {RiCo(n, n) : |n| = 1| 

v&TM^ ^ /II J v&TM^ yv ’ / J 

respectively denote the maximum and the minimum value of the Ricci curvature on the 
unit sphere bundle of {M,g). Note that eg ^ Ric^ ^ Cg. 

When the soliton has positive Ricci curvature, this diameter bound can be written in 
terms of the range of the scalar curvature as follows. 

Corollary 1.4 (Fernandez-Lopez and Garcia-Rio [5]). Let {M,g) be an n-dimensional 
compact connected shrinking Ricci soliton with positive Ricci curvature satisfying fll.2p . 
Then 

T / \ ^ I / -^max Rmin / Rmax Rmin „ / Rmax Rmin I 

d.am(A/. 9) S max I y A(C - A) ' f A(A - c) ’ ^]J MC - c) j ’ 

where Rmax and Rmin respectively denote the maximum and the minimum value of the 
scalar curvature on the soliton. 

Moreover, stimulated by the Myers diameter estimate m Theorem 1.4] via Bakry- 
Emery Ricci curvature, Fernandez-Lopez and Garcia-Rio [5] mentioned that an upper 
diameter bound for compact shrinking Ricci solitons would be given in terms of the range 
of the potential function, as well as in terms of the range of the scalar curvature. 

The aim of this article is to give a positive answer to this conjecture by giving the 
following. 

Theorem 1.5. Let {M,g) be an n-dimensional compact connected shrinking Ricci soliton 
satisfying fll.2p . Then 

diam(M, h) ^ J (^\/Rrae.^ - Rmm + V4(Rmax “ Rmin) + (n - l)A7r2j . (1.6) 

When the soliton has positive Ricci curvature, this diameter bound can be written in 
terms of the range of the potential function as follows. 

Corollary 1.7. Let {M, g) be an n-dimensional compact connected shrinking Ricci soliton 
with positive Ricci curvature satisfying fll.2l) . Then 

Just as in the Einstein manifold, we may expect some topological obstruction to the 
existence of compact Ricci solitons. A validity of the Hitchin-Thorpe inequality for four¬ 
dimensional compact shrinking Ricci solitons was hrst shown by Ma [13] assuming some 
upper bounds on the L^-norm of the scalar curvature. On the other hand, Fernandez- 
Lopez and Garcia-Rio [6] investigated the same validity assuming the following upper 
diameter bounds in terms of the Ricci curvature. 
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Theorem 1.8 (Fernandez-Lopez and Garcia-Rio [5]). Let {M,g) be a four-dimensional 
compact connected shrinking Ricci soliton satisfying fll.2p . If 


diam(M, g) ^ max 




then the soliton satisfies the Hitchin-Thorpe inequality 2x{M) ^ 3|r(M)|. 


The following corollary of Theorem ll.SI provides a sufficient condition for four-dimensional 
compact shrinking Ricci solitons to satisfy the Hitchin-Thorpe inequality. 


Corollary 1.9. Let {M,g) be a four-dimensional compact connected shrinking Ricci soli¬ 
ton satisfying fll.21) . If 


(16 -|- Gtt^) ^ diam(M, g), (1-10) 

then the soliton satisfies the Hitchin-Thorpe inequality 2x{M) ^ 3|r(M)|. 



This note is organized as follows: In Section 2, after introducing our notation, we shall 
prove Theorem II.51 and Corollary 1 1.71 Ending with Section 3, a proof of Corollary 11.91 and 
some related result will be given. 


Acknowledgements. I thank Professor Toshiki Mabuchi for his encouragements. This work 
was carried out while the author was visiting University of Santiago de Compostela. I 
also thank Professor Eduardo Carcia-Rio for his warm hospitality. 


2. Preliminaries 


In this section, after introducing our notation, we shall prove Theorem ll.Sl and Corollary 
11.71 Let X, y, Z G X(M) be three vector helds on M. For any smooth function / G 
the gradient vector held and Hessian of / are dehned by 

g{Vf,X) = df{X) and Hf{X,Y) = g{XxV f,Y), 

respectively. The curvature tensor and Ricci tensor are dehned by 

n 

R{X, Y)Z = VxVyZ - VyVxZ - Vix,y]Z and Ric(X, U) = giR{e„ X)Y, e,), 

i=l 

respectively. Here, is an orthonormal frame of {M,g). In order to prove Theorem 

11.51 we will use the index form of a minimizing unit speed geodesic segment. We refer 
the reader to books [min for basic facts about this topic. The following Myers type 
theorem plays an important role in proving Theorem 11.51 


Theorem 2.1. Let (M, g) be an n-dimensional complete connected Riemannian manifold. 
Suppose that (M, g) admits a smooth vector field V satisfying 


RiCg-\-Cvg ^ {'IT'— ^)Cg and |U| ^ 7 


( 2 , 2 ) 


for some constants C > 0 and 7^0. Then (M, g) is compact and the diameter of (M, g) 
has the upper bound 


diam(M, g) ^ 


47 -|- Y {n — 

{n-l)C 


(2.3) 
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Remark 2.4. Under the same condition as in Theorem 12.11 Limoncu [12] gave the following 
diameter estimate 

diam(M, g) ^ + {n- 1)^(7^ . (2.5) 

Since 

\/27r ^ 4.44288 > 4 and 2t:'^ ^ 19.73920 > 16, 
our diameter estimate fl2.3p is sharper than fl2.5p . 

Proof of Theorem \‘2.1[ Our proof of Theorem 12.II is similar to that by Limoncu [12]. Take 
arbitrary two points p,q & M. By the compactness of the manifold (M, g), there exists the 
minimizing unit speed geodesic segment cr from p to g of length i. Let {ei = d, 62 , • • • , Cn} 
be a parallel orthonormal frame along a. Recall that, for any smooth function 0 G 
C°°([ 0 ,£]) satisfying 0 ( 0 ) = 0 (£) = 0 , we obtain 


/(0ei,0ei)= / (g(0ei,0e0 - g(R(0ei,(T)d,0ei)) df 


( 2 . 6 ) 


where /(•,•) denotes the index form of a. From fl2.6p . we have 


J( 0 e^, 0 e 0 


i=2 


(n — 1)0 — (f)^ RiCg{&, a)] dt 


(2.7) 


where we have used g{R{&, &)&, a) = 0. By using the assumption fl2.2p in the integral 
expression fl2.7p . we obtain 


i=2 


^I{4>ei,(j)ei) ^ J (^(n - 1)(0^ - (70^) + 0^(£y5()((T,d)j dt 

(n - 1 )( 0 " - (702) + 202 p(V^U, a)) dt 


(n - 1)(02 _ ^ 202 d(g(U, d))) dt, 


( 2 . 8 ) 


where, the last equality follows from the parallelism of the metric g and V^d = 0. On 
the geodesic segment a{t), we have 


20^d {g{V, &)) = 202^(g(U, d)) 


d 


= -400^(U, d) + 2 ^( 02 g(U, d). 


(2.9) 


Hence, by integrating both sides of fl2.9l) . we have 


20^d(^(U,d))dt = / -400fif(U, d)df + [202p(U, d)] 


-400g(U, &)dt 


^ 4 


<P^9iV, d) 


dt, 


( 2 . 10 ) 

( 2 . 11 ) 
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where, the second equality follows from (/)(0) = 0(£) = 0. Since a is a unit speed geodesic 
segment, the Cauchy-Schwarz inequality implies \g{y^a)\ ^ |y|. By combining this in¬ 
equality and the assumption \V\ ^ 7 in Theorem 12.11 we have \g{y,a)\ ^ 7. Hence, from 
fl2.1ip we obtain 


2(fP‘a{g{y,a))dt ^ 47 


f 

00 

Jo 



dt. 


From 


and fl2.12p . we have 


^/(0ei,0ei)^ / - C(f)dt +A'y 


i=2 


f 

00 

Jo 



dt. 


( 2 . 12 ) 


(2.13) 


If the funtion (p is taken to be = sin(Y), then we obtain 0(f) = j cos(y) and 


TT . / Trt 

= -7 sm 


cos 


7rt\ n , 

Yj 


2(n‘f\ 


Then, fl2.13p becomes 

^ /(0ei, 060 ^ (n - 1) ^ cos^ - Csin^ ^ dt 


2'y'K 


2'Kt 


sm 


df. 


and consequently, we have 


^ /(0ei, c^Ci) ^ ((n - l)Cf - 8'yi - (n - l)7r2) . 


i=2 


Since cr is a minimizing geodesic, we must obtain 

{n — 1 )C£'^ — 8 ^£ — {n — 1 )Y ^ 0, 

from where, we have 

47 -|- a/ 167 ^ -\- {n — l)^C' 7 r^ 




{n-l)C 


□ 


This proves Theorem 12.11 
Remark 2.14. Using Cauchy-Schwarz inequality, Limoncu estimated fl2.10p from above by 

20^(t(^(U, a))dt = -4005((U, a)dt ^ ^'\j idYYYdt, 

while we estimated fl2.10p from above by an absolute value in fl2.1ip and obtained a better 
estimate fl2.3p than fl2.5p . 

The following lemma is useful to prove Theorem 11.51 

Lemma 2.15 (Fernandez-Lopez and Garcia-Rio [6]). Let {M,g) be an n-dimensional 
compact shrinking Ricci soliton satisfying fll.2p . Then 

|V/P ^ - R, (2.16) 


where R denotes the scalar curvetre on the soliton. 
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Proof. We recall the proof for the reader’s convenience. It is well-known that the potential 
function / of any gradient Ricci soliton (M, g) satishes 

R+\Vf\^ -2Xf = C (2.17) 

for some constant C, where R denotes the scalar curvature on the soliton. By compactness 
of the manifold M, there exists some global maximum point p G M of the potential 
function. Then, it follows from fl2.17p that, for any point x G M, 

2A/(p) = Rip) -C^ 2A/(x) = Rix) + \Vf\\x) - C, (2.18) 

and hence, R{p) ^ R{x). Therefore, the scalar curvature also attains its maximum at p, 
and we obtain fl2.16p . □ 

Now, we are in a position to prove Theorem 11.51 


Proof of Theorem \1.5[ We apply Theorem l2.1l to the case that (M, g) is a compact gradient 
shrinking Ricci soliton. From fl2.16p . we have |V/| ^ VR ma T. — Hence, by applying 


r = jV/. 


c = 


A 


n — 1 


and 




max Rmin 


to fl2.3p . we obtain fll.bp . 


□ 


Proof of Corollary \1.7[ We show that 


2A/max — 2A/min — R max 


(2.19) 


Although this equality was already proved by Fernandez-Lopez and Garcia-Rio in [5], we 
here show it for the reader’s convenience. By using fl2.17p and fll.2p . we obtain 

RiCgiV f,-) = \dR. (2.20) 

By compactness of the manifold M, there exists some global minimum point g G M of 
the scalar curvature. From fl2.20l) . we have 0 = (Vi?)(g) = 2RiCg(V/, ■)iq). Since (M, p) 
has positive Ricci curvature, we have (V/)(g) = 0. Then, it follows from fl2.17p that, for 
any x G M, 

Riq) = 2A/(g) - |V/p(g) + G = 2A/(g) + G 

^ Rix) = 2Xfix) - |V/p(x) + G ^ 2Xfix) + G, 


from where we see that g G M is also a global minimum of the potential function, and 
hence, i?min = 2A/min + G. On the other hand, we have shown in fl2.18l) that Rmax = 
2A/max + G. Therefore, we obtain fl2.19p . Corollary 11.71 follows immediately from Theorem 
Oand fICTP . □ 


3. Applications to Theorem [T3] 

In this section, by using Theorem 11.51 we shall give a proof of Corollary 11.91 Through¬ 
out this section, we assume that (M, g) is a compact connected shrinking Ricci soliton 
satisfying fll.2p . We use the following theorem to prove Corollary 11.91 

Theorem 3.1 (Ma [I3] ). LetiM,g) be a four-dimensional compact shrinking Ricci soliton 
satisfying fll.21) . If the scalar curvature satisfies 

[ ^ 24A2vo1(M,p), 

J M 

then the soliton (M,p) satisfies the Hitehin-Thorpe inequality 2y(M) ^ 3|r(M)|. 
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(3.2) 


Proof of Corollary \1.9\ . By taking the trace of fll.2l) . we have 

R + Af = 4A. 

Thanks to Theorem 11.51 the diameter of {M,g) has the upper bound 

diam(M, 5 f) < ^ V^4(i?max - Rmm) + SAttT 
Suppose that the inequality (11.1 Oh holds. Then, from (13.3h . we obtain 


(3,3) 


-^n 


-(16 + 6 n^) ^ diam^(M, g) < ^ {4(i?max - ^min) + 3A7r2} , 


from where we have i?max < 6A. Hence, by fl3.2p . we have 


R^ ^ R„ 


R < 2AWo\{M,g), 


'M 


IM 


and the result follows from Theorem 13.11 □ 

The following result follows immediately from Theorem 11.51 and Theorem 13.11 

Corollary 3.4. Let (M, g) be a four-dimensional compact connected shrinking Ricci soli- 
ton satisfying fll.2h . If 

■ J (^2^i?max - Rmin + ^^(-Rmax “ -Rmin) + 3A7r2j ^ diam{M,g), 

then the soliton satisfies the Hitchin-Thorpe inequality 2x{M) ^ 3|r(M)|. 


References 

[1] B. Andrews and L. Ni, Eigenvalue comparison on Bakry-Emery manifolds, Comm. Partial Differential 
Equations 37 (2012), 2081-2092. 

[2] H.-D. Cao, Existence of gradient Kdhler-Ricci solitons, Elliptic and Parabolic Methods in Geometry 
(Minneapolis, MN, 1994), A. K. Peters (ed.), Wellesley, MA, 1996, 1-16. 

[3] H.-D. Cao, Recent progress on Ricci solitons, Adv. Lect. Math. 11 (2010), 1-38. 

[4] Y. Chu and Z. Hu, Lower bound estimates of the first eigenvalue for the f -Laplacian and their 
applications, Q. J. Math. 64 (2013), 1023-1041. 

[5] M. Fernandez-Lopez and E. Garcia-Rfo, Diameter bounds and Hitchin-Thorpe inequalities for com¬ 
pact Ricci solitons, Q. J. Math. 61 (2010), 319-327. 

[6] _, Some gap theorems for gradient Ricci solitons. Internal. J. Math. 23 (2012), 1250072, 9pages. 

[7] A. Futaki, H. Li and X.-D. Li, On the first eigenvalue of the Witten-Laplacian and the diameter of 
compact shrinking solitons, Ann. Global Anal. Geom. 44 (2013), 105-114. 

[81 A. Futaki and Y. Sano, Lower diameter bounds for compact shrinking Ricci solitons, Asian J. Math. 
17 (2013), 17-32. 

[9] R. Hamilton, The Ricci flow on surfaces. Mathematics and general relativity (Santa Cruz, CA, 1986), 
237-262, Contemp. Math., 71, Amer. Math. Soc., Providence, Rl, 1988. 

[10] N. Koiso, On rotationally symmetric Hamilton’s equation for Kabler-Einstein metrics. Recent topics 
in differential and analytic geometry, 327-337, Adv. Stud. Pure Math., 18-1, Academic Press, Boston, 
MA, 1990. 

[11] J. M. Lee, “Riemannian Manifolds”, Graduate Texts in Math. 176, Springer-Verlag, New York, 1997. 

[12] M. Limoncu, Modifications of the Ricci tensor and applications. Arch. Math. (Basel) 95 (2010), 
191-199. 

[13] L. Ma, Remarks on compact Ricci solitons of dimension four, C. R. Acad. Sci. Paris, Ser. 1 351 
(2013), 817-823. 

[14] P. Petersen, “Riemannian Geometry”, Graduate Texts in Math. 171, Springer-Verlag, New York, 
1998. 

[15] G. Perelman, The entropy formula for the Ricci flow and its geometric applications, 
arXiv:math/0211159, November 2002. 


7 



















[16] X.-J. Wang and X. Zliu, Kdhler-Ricci solitons on toric manifolds with positive first Chern class, Adv. 

Math. 188 (2004), 87-103. 

[17] G. Wei and W. Wylie, Comparison geometry for the Bakry-Emery Ricci tensor, J. Differential Geom. 

83 (2009), 377-405. 

Department of Mathematics, Graduate School of Science, Osaka University, 1-1 Machikaneyama, 
Toyonaka, Osaka 560-0043, JAPAN 

E-mail address: h-tadano@cr.math.sci.osaika-u.ac.jp 

Faculty of Mathematics, University of Santiago de Compostela, 15782 Santiago de 
Compostela, SPAIN 

E-mail address: homare.tadano@usc.es 


